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complexity of these two representations of &.
For example, let R be the class of all recursive functions.

Theorem 1

The number & is R-computable if and only if its continued fraction
isin R.

But if we take the class PR of primitive recursive functions, this
equivalence is no longer true. As Lehman showed in [4], there exist
PR-computable real numbers, whose continued fraction is not in
PR. We will give a concrete example of such real number.

The classes we are interested in are the third (£2) and the fourth
(€3) level of Grzegorczyk's hierarchy of PR.
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The class £2 is the smallest class of total functions in N, which
contains the constant 0, the successor function Ax.x + 1, the
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and bounded primitive recursion.

The definition of the class £3 is nearly the same, we must only add
the exponential function Ax.2* to the inital functions.
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We have £ = a9 + aﬁli. More precisely, & = lim,_, o b, where

b, = ag + ﬁ is the n-th convergent of .
PRI -

L
We consider twog;"quences p and g, defined by
» p-1 =1, po=ao, Pnt1 = an+1Pn+ pPn-1, n=0,1,...
» g-1=0,9g0=1, gnt1 = ant+1qn+ gn-1, n=0,1,...
It is true that b, = % for all n € N.
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A simple, but important observation, which allows an essential

generalization of the theorem is the following: the number a,5 in
equality (1) can be changed to min(a,+2,t + 1) without effect on
its correctness. So, to conclude that r € £2, it is sufficient to have

Ant.min(apso, t + 1) € £2 (2)

(not the stronger An.a, 2 € £2).
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It is well-known that Ax.A(x, x) is not primitive recursive and it is
also true that its graph is Ag-definable (see [2]).

Hence, the number &4 is 52—computab|e, but its continued fraction
is not primitive recursive, let alone in £2.

We conclude that the converse of theorem 3 is not true.
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A partial converse

We still hope that combining £2-computability with some other
natural property will give at least a partial converse of theorem 3.
In [4], Lehman defines such a condition: recursive irrationality.
Let F be a class of total functions in N.

The number £ is F — irrational if there exists unary function

v € F, such that for all natural m and n > 0, ‘5 — %‘ > V(ln).

Theorem 5 (Lehman)
The number € has continued fraction in PR if and only if £ is
PR-computable and PR-irrational.

By a close scrutiny of the proof in [4] of this theorem we obtain
the following

Theorem 6
If the number & is £2-computable and E-irrational, then & has
continued fraction in £3.



Applications

Finally, we will apply theorem 6 to obtain some interesting facts.

Definition 7
Let R be the set of all positive real numbers r, such that the
inequality
1
-2<3
q q

has at most finitely many solutions (p, q), where p and g > 0 are
integers. The infimum of R is called the irrationality measure of &.

Lemma 8
If € has finite irrationality measure, then & is £?-irrational.
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